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A general class of matrices, which are equivalent to orthogonal Latin squares, 
is used to construct a class of geodetic graphs of diameter IWO. The argument 
is reversed to prove a necessary condition for the existence of general classes of 
such graphs in terms of orthogonal Latin squares. 
A graph is called geodetic if any two arbitrary vertices are joined by a 
unique shortest path. In this paper, a graph is finite, undirected, loopless, 
without multiple edges, and 2-connected. The restriction to 2-~onne~ted~ess 
is justified by the fact that a graph is geodetic if and only if every block is 
geodetic [4; p. 1051. 
Stemple [3] proved that given any geodetic graph G of diameter 2, there 
exist integers 12 and m satisfying the properties that G contains exactly nm -t i 
vertices, and every vertex in G has degree IZ or NZ. For fixed M and my denote 
by Y(nT m) the class of all geodetic graphs of diameter 2 satisfying the above 
properties. 
TllEOREM 1. For anypvime power P, P > 3, 
Ci) FqP, P + 1) # m ; 
(ii) YCP + 1, 2P) f 0 ; 
(iii) Y(P + 1, 2P - 1) f 0, 
Proof. Ed&, Renyi, and S6s [l, pp. 2 17-2187 used the projective plane 
of order P to prove (i). To prove (ii), construct from P - 1 orthogonal Latin 
squares of order P [2, p. 811, a P2 by P + 1 array A = (aij) of integers 
between 1 and P, such that whenever 1 < .i < ic < P + 1, the set 
{(nij , aik) / i = l,..., P2> consists precisely of the P2 distinct elements of 
(I,..., P) % (l...., P). This construction is carried out as in the proof of 
f2, Theorem 1.3, p. 821. Note that any two rows of A differ in all components 
except one. A graph G belonging to 9(P + 1,2P) can be constructed in three 
steps: 
165 
Copyright 1~ 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
166 HO-JIN LEE 
(1) take vertex-disjoint (P + 1)-cliques HI, Hz ,..., Hp+1 , and label 
the vertices of each H,. as u,,~ , u~,~ ,..., u,,~ for r = l,..., P + 1; 
(2) join every pair (ui,O , u~,J with an edge for i # j; 
(3) take new vertices vl, v, ,..., V,Z , not on any H, , and join vjt and 
u~,~,, with an edge for all t = l,..., P2 and i = l,..., P + 1. 
That G is geodetic can be verified by considering all possible pairs of 
vertices case by case: 
Case 1. The pair (v, , v,), s # t. Let k be the unique common entry of 
the s and tth rows of A. If k lies on the rth column of A, then u,,~ is the 
unique common neighbor of v, and vt . 
Case 2. The pair (u~.,~ , u~,~), i #j. Let t be the unique index such that 
(ati, atj) = (k, 1). Then vt is the unique common neighbor of zli,k and 
uj,$ etc. 
Finally, the graph obtained from G by removing all vertices u,,~ (r = l,..., 
P + 1) belongs to 9(P + 1,2P - 1) by [3, Theorem 5.111, which proves 
(iii). Q.E.D. 
THEOREM 2. Suppose 3(m, n) f 1;7 and m 2 4. 
(i) If n - m = 1, there exists m - 1 orthogonal Latin squares of 
order m. 
(ii) If n - m > 2, there exists n - m orthogonal Latin squares of 
orderm - 1. 
Proof. Let G E 3(m, n). To prove (i), first observe the following facts: 
(a) G contains no 4-cycles (see [3, VII, p. 2701); (b) vertices of degree m do 
not lie on any 3-cycles (see [3, VI, p. 2701); (c) an edge [u, v] with deg u = 
deg v = n lies on a 3-cycle (see [3, V and IV, p. 2701). Now define r as 
follows: 
(1) the points of n are the vertices of G; 
(2) the lines of n are the sets L, for all u E V(G), where 
L = (v E v(G) I b, ~1 E E(G)) 
i 
if deg u = n, 
u G E V(G) I l-v, ~1 E E(G)) ” W if degu = m. 
From the above observations, it is easily verified that v is a projective plane 
of order m, and Bose’s theorem [2, p. 921 completes the proof of(i). 
To prove (ii), reverse the proof of Theorem 1 as follows. Take an 
(n - m + 2)-clique K in G (see [3, II and VII, p. 270]), with V(K) = 
(ul , u2 ,..., u,-,+&. For each i = l,..., n - m + 2, the set 
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contains 172 - 1 vertices (see [3, VI, p. 2701); label these as Q j uj,z )...) ui*,,-1 . 
The set 
V(G) - [V(K) U (u~,~ I i = l,..., n - m + 2, j = I;..., m - l)] 
contains exactly (m - 1)” vertices (see [3, X, p. 2701); label these as l-‘: ) vg )...) 
Vh--1)Z . Define an (m - 1)” by n - m + 2 array A = (~7,~) as follows. 
aij is the unique integer between 1 and m - 1 such that [vi , ZL?,~~~] E E(6). 
Any two rows of A differ in all components except one. Then 12, Theorem 1.3, 
p. 821 completes the proof of (ii). QED. 
Remarks. (1) It follows from the theorem of Bruck and Ryser 12, p. 941 
and Theorem 2 that 9(n + 1,2n) = @ if n = 1 or 2 (modulo 4) and if the 
square free part of y1 contains a prime factor which is congruent to 3 moduEo 4. 
This shows that the assertion appearing in [3] on p. 279 following ““Question 3” 
is false. 
(2) Define a homeomorphism f: G + 6’ between two graphs to be 
geodesy-preserving if f -l(r) is a shortest path in G whenever P is a shortest 
path in G’. Interestingly enough, the geodetic graphs known so far have 
diameter 1 or 2 only, up to geodesy-preserving homeomorphism. 
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